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Abstract

The paper deals with a numerical solution of the inverse stationary trans-
port problem in a slab. More precisely, our aim is to reveal a source function
on the basis of boundary observation (Problem 1) or on the basis of internal
observation (Problem 2). The operator for Problem 1 has, generally, nonzero
kernel, and to garantee unique solvability of inverse problem, we select some
special classes of functions with zero kernel. We derive iterative algorithms
depending on these special classes. Then we present the results on numerical
solution at different conditions and some specific examples.

1 Main notions and statements

We are concerned with the following stationary one-velocity transport prob-
lemin aslab0<z<H [1, 2]:

Ao MW + o(u, 2) — b<22) /_11 Pl p)o(u', 2)dp’ = f(p, ), (1)

def
O<z<H —1<p<l, o)l =or )= (6 (1), o (1),
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where 0 < b(z) < by = const < 1, H < oo, and the set I'_ corresponds to
the incoming flow in the slab 0 < 2z < H:

Po={(n2): (uel0,1], z=0)U(ue[-1,0], 2= H)}.

The phase function p(u, p’) > 0 satisfies the condition

;/_11 p(us )’ =1 Vp € [=1,1]. @)

If we deal with isotropic scattering, then p(u, ') = 1.
Let us define the following sets:

X = {(u,z) cpel-1,1], z € [O,H]},
r, = {(,u,z) c (pe[-1,0, z=0)U(nel0,1], z= H)}

and introduce Hilbert spaces Hy, Lo, Lo,

= {6 € L, lolluy = (60, +[uac]: )"}

def 1 2 .
Lo = {9000 2 G0, 1)) | with
/ )2 P 1Y
1V llze - = Uulv( )] du+/u|v(_)(u)\ du} :
0 —1

Lo = {rn) = )7 ) with

O @2 O @]
1Y llzey = /_lu!m)(uﬂ du+/1 v (W dp

The components ’y(( ))( ) and ’y((i))(,u) are defined for p > 0, and the com-
(1)

ponents 7((2))( ) and . (p) — for pu<0.

We consider some subsets X, C X and X5 C X to specify the areas of
reconstructing of source functions and the areas of observations, respectively.
The following subspaces are also used below:

LY = {f: f e Ly(X), f=0in X\Xoss},
;>:{f:feL2< X), f=0in X\X.}.
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If ¢ is a solution of (1), then

d/
A e#+/ “Fu,);,u>0,
o(p,z) = ds (3)
62 (e —/ e P, ), <0,
1

where | .
Fluy2) ® 20) [ plas ot 2)dp + (. 2).
The following assertion is true [3]:

Theorem 1 If f € Ly and ¢y € Lo, then:

(1) there exists a unique function ¢ € Hy which is the solution to problem
1;

(2) the function ¢ satisfies equation (1) almost everywhere in X, and
boundary condition for almost all y;

(3) the following estimates hold:

Clll e + e a1 < N8llmy < CllIf e + el 1, C, C>0,
where the constants C' and C are independent of ¢, f, and Pr_)

Below we consider two inverse boundary value problems: the problem
with ”surface observation” and the problem with an ”internal observation”.
Let us formulate them.

We consider the following boundary value problem

Ap=f+mein X, ¢ = ¢y on I'_)

where m, is the characteristic function of subset X. C X, mes(X.) # 0 :
me(p,2z) = 1 on X, and m.(u,2) = 0 on X \ X.. Also, we assume f €
LQ(X), v E LQ(XC)

We point out that v = 0 on X\ X,.

Let us assume that the function v ( ”a control function”) is unknown

while we know an observation function ¢, € Lo+ given on an observation
subset ', ©*) c I, mes(I";(**)) # 0. We set

oy, def lonly (Obs)
" 7 0on T \[y (obs),
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Let ¢ be a solution of the problem
AW = fin X, ¢ =¢r yonT_.

Then we can formulate the following inverse problem for recovering the
source  function v  based on the boundary  observations:
for given f € Lo(X), dops € Loy find ¢1 € Hy, v € Léc) such that

Adpr=f+mevin X, ¢1=0¢"onT_, (4)
and v yields minimum of the functional
allmevl|7, + [|mops(¢1 — ¢obs)HQL2,+» a = const > 0.

Now we can reformulate (4) as the following inverse problem for the func-
tion ¢ = ¢ — ¢ (Problem 1):
for given ¢© € HY, ¢ops € Lo, find ¢ € Hy, v € Ly(X) such that

Ap=m.vin X, p=0o0nT"_, ilngl(gb,v), (5)

where
J1(¢7U) = aHvaH%g + Hm0b8(¢ - (¢obs - ¢(O)))HL2,+7 (6)
a = const > 0, @ops € Lo 4.

This replacement is performed to zero values of ¢ on I'_ and to remove the
term f in the right-hand side of the equation (4). Also, from this point we
can treat the functions ¢ and v as functions that can change their sign, and
we do not need to consider the transport problem in the nonnegative cone.
It is worth pointing out that in the last case some of the assertions below
can be proved easier.

Hereafter we set ¢, = 0 on I, \I';°**) in the inverse problem (5).

Let ¢ops is given on some subset X, C X, mes(Xys) # 0. Let, as before,
meps be the characteristic function of X,. If we have internal observation
of function ¢, then the inverse problem (Problem 2) can be formulated as fol-
lows:
for given 90 € H}, ¢ops € Lo(X) find ¢ € H), v € Ly(X.) such that

Ap=m.vin X, ¢=0onT_, irvlfjg(qb,v), (7)
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where
Ta(¢,0) = allmevl[2, + [[mons (¢ — (Pons — SONIIZ,.
a = const > 0, ¢ops € Lo(Xops),

and we assume hereafter that ¢.ps = 0 on X\ Xy, v =0 on X\ X.. Our aim
below is investigating inverse problems (5), (7).

If we consider the problem
Ap=vin X, ¢=0onTl_, (8)
then we can represent its solution in the following form:
¢=A"v, (9)
where A™!: Ly(X) — Hj.
We need also to introduce in Hj the trace operator
PiydE dlr,. Pay: Hy o Loy

and resolution operators B, B,., which map the source function v to the
trace of the solution ¢ of problem (8):

BY PA™ : Ly(X) > Loy,
Boe © mgpsBme : Ly(X) — Lo .

2 Sufficient conditions for reconstructing source
functions from boundary observations

An important question is if it is possible to reconstruct uniquely a source
function v(u, 2) on the basis of observation data ¢|p,. A closely related
problem is the problem if the kernel of operator B is trivial. In general,
KerB # {0}. Indeed, if we consider a smooth function ¢ with a compact
support over z, then Bv = 0 with v = A¢ # 0. Hence, in this case v € KerB.

Our nearest aim is to select some classes of functions such that they have
no intersection with Ker B. First, we introduce the set U; containing all
functions of the form

v(p, z) = {

e =21y (), >0,
e/m vg(lu)a < 0,
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where (v1,vs) € Lo ..
Lemma 1 /4] Uy NKer B = {0}.

The lemma below claims that isotropic source function (v = v(z)) can,
theoretically, be reconstructed exactly (i.e., it is reconstructable). So, it is a
sufficient condition for unique solvability of equation Bv = ¢|r, in the class
of isotropic functions.

Lemma 2 [4] Let Uy = {v : v = v(2)} and p(u, /) = 1. Let ¢ = Bo.
Then there is no v1(z) such that the corresponding solution ¢, = Buvy has the
same trace on I'y, i.e. for all v1(z) # v(z) we have Bui|p, # ¢|r,. By other

words,
Ker BN U2 = {O}

Remark. Since, in general, KerB # {0} then there exists another non-
isotropic source function v (i, 2) dependent of p with Bvy = ¢|r, .

Let us look for other classes of reconstructable source functions having
no intersection with KerB at p(u, 1) = 1.
Let for some integer n > 0 and real numbers {a;}"

o, 2) = iaiwvmz), (10)

where f@) means the i-th derivative of f, and for all 4, 0 < i < n,
v € 90, H], v (0) = vP(H) =0, 0 < k < i.

If there is a nonzero solution of (1) ¢(u, 2) such that ¢|r, = ¢|r_ = 0,
then, similarly (3), we obtain

efz/;u

W

o, z) =

/OZ e¥/H [i aiﬂivz‘(i) (y) + ;b(y) /_11 (1, y)d,u/} dy.  (11)

Integration by parts gives us the equality

/0 Vi@ (y)dy = 3 et (= 1) () 4 (<1 /0 eV/Fo;(y)dy.
k=1
(12)



At z = 0 and z = H the first summand, expressed by the sum, is equal to
zero because of the above assumptions on v;. So, substituting (12) in (11) at
z = H yields for all -1 < pu < 1:

/ ey/“[iaz ) + b( )/_11 ¢(u’,y)du’]dy-

K i=

e—H/n

The case p = 0 is also included (if we treat p = 0 as the limit g — 0) due to
the following correlation:

z g=(z=Y)/n e~ (zy)/u

lim [ ———f(y)dy = lim lim —f(y)dy = f(2).

n—0.Jo i p—0A2—0Jz—Az i

Since the contents of square brackets depends only on y and the integral is
equal to zero for all u, then also [5]

zn:(—l)"aivi(y) + ;b(y) /11 o' y)dp' =0, 0 <y < H. (13)

i=0
We substitute (12) and (13) in (11) and obtain

i

:i Vet =R (). (14)

:1

Now we substitute this expression for ¢ in (13), and after integration over u
we finally obtain a correlation for v;:

zn:al[ )+ 2b( )i (_1)2'_— Zﬁl)l_ o

=0 k=1

Y(2)] =0, 0<2<H.

(15)
We are now in a position to prove the following lemma.

Lemma 3 Let there is a function f(z) € C™I[0, H] such that in (10) vi(z) =
fl@)(z), 0 < i <n, where integer numbers o; > 0 and

f®0) = fB(H) for 0 < mina; < k < maxa; < oo. (16)
Let us denote the corresponding class of v as Us. Then

Ker BN U; = {0}.



Proof. Substituting these function v; = f(*) into (15) yiels us a linear
ordinary differential equation with respect to f(z). Recalling (16) we obtain
the desired equality f(z) = 0. Consequently, v = 0. This proves the lemma.
Corollary 1. If a; = n — i then the source function is multiplicative, i.e.,

o 2) = B F, b = 3t (17)

This class of functions v we denote by Uy, Uy C Us. Consequently,
Ker BNU,; = {0}. O

Corollary 2. If o; = then the source function takes the form
o1, 2) = Y ' £O. (18)
i=0

This class of functions v we denote by Us, Us C Usz. Consequently,
Ker BNUs = {0}. O

Observing the results of this section, we see that there are source func-
tions (from classes Uy, Us,, Us, Uy, Us) such that all other source functions
from the class under consideration yield other observation data from L ;.
Consequently, on the basis of such observation data we can uniquely (in the
corresponding class) reconstruct source functions.

3 Solvability of inverse problem

To minimize functional J; defined in (6) we consider its variation §./; and
equal it to zero. So, we obtain

(5<]1 - J1(2a(mcv, 57}) + 2<mobs<¢ - ¢0bs)7 5¢)L2,+7

where (.,.) means the scalar product in Ls(X). Hence,

a(mcvv 5”) + (mob8<¢ - Qbobs); 5¢)L2,+ = 0. (19)
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Since

* a 7Z ]' 1 / ! !
A*q(p, 2) = —qui) +q(p, z) — 55(2) /_lp(u,u Ja(p', z)dp,

then integration by parts yields

(A*q,09) = —(q,00) L, + (q,0v).

We set A*q = 0 and obtain

(qv 5¢)L2,+ = (q, 52})

If, in addition, we impose on ¢ the boundary condition ¢|r, = mps(¢ — Pobs),
then we finally obtain from (19) the basic correlation

(amev + meq, 0v) = 0. (20)

In general, Jv can be an arbitrary function from Lo(X). Hence, we arrive at
the control equation aam.v + m.q = 0.

So, Problem 1 (equation (5)) can be reformulated as follows:
Problem 1. For given ¢\©) € HY, mpshops € Loy find ¢ € HY, g€ H}, v €
LY such that

Ap=moin X, ¢p=0onT_, (21)
A*q=0in X, ¢ = map Py (¢ — (Gobs — ¢'V)) on T, (22)
av+qg=0in X,, v =0 in X\ X..0O (23)

Applying the results of the previous section we can observe that the so-
lution of (21)—(23) cannot, in general, yield a true source function v(u, z)
because of nonzero kernel Ker B. So, let us restrict our consideration to the
classes Uy, U, and Uy.

First, we consider class Us of isotropic functions. In this case deviation dv
is independent of p, and, hence, control equation (23) does not follow from
correlation (20) because p-independent functions dv are not dense in Ly(X).
Writing the scalar product in Ly(X) as integrals, we obtain from (20) the
following identity:

1

/OH (Qamcv(z) + mc/ X q(u, z)du)év(z)dz —0.
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Since {0v(z)} is dense in L»[0, H], then control equation (23) can be replaced
by
1 1
amv(z) + imc/ q(p, z)dp = 0. (24)
-1

Similarly, for class U; we obtain from (20)

10 H

/0 {204,umcvl(,u)(1 - e_zH/“) + mc/o e~ H=2) gy, z)dz} dv (p)dp
0r1 H

—I—/_l [2aumcvg(ﬂ)<62H/N - 1) + mc/o M, z)dz] dva(p)du = 0.

Consequently, for reconstruction source functions from class Uy, control equa-
tion (23) should be replaced by

1

H
iaumcvl(u)(l — e_ZH/“> +/0 e =D mm q(p, 2)dz = 0, p> 0,
1

H
gaumcvg(u)(gm" — 1) +/0 Mmeq(p, 2)dz, p< 0. (25)
These reasonings can be applied to class Uy, too. If we replace v(pu, z) by

h(p)v(z) and assume that p-dependent multiplier h(u) is prescribed, then
control equation (23) takes the form

1 1
av(z) [ meh(u)dpt [ meh(u)a(p, 2)dp =0, 0 < = < H, v(0) = v(H) =0,
-1 -1
(26)
Othewise, if the function f(™(z) is known, then we arrive at the following
control equation for computing h(u):

an() [ me (5 e [ a2 Gz, h) = S (27

At this point we finish the theoretical analysis of Problem 1.
Analoguously to deriving equations (21)—(23), the second inverse problem
can be reformulated as follows:

Problem 2. For given mps(¢ops — ¢°) € Ly(X), find v € Lgc) such that

Ap=mowin X, ¢ =0onT_, (28)
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A" = Mops (¢ — (Pops — ¢”)) in X, g=0o0n Ty, (29)
am +meq=0in X.0O (30)
For Problems 1, 2 the following statements hold [4]:

Lemma 4 If a>0, then inverse problem (21)-(23) has a unique solution for
any mobsP+(¢obs - ¢(0)> € L2,+’

If o = 0, Mops Pyv)(Pobs — ) is in the range R(Bo.) of Boe = Mops B,
and v € Uy or Uy, then this problem also has a unique solution.

Lemma 5 If a > 0, then problem (28)-(30) has a unique solution for any
mobs(¢obs - ¢(0)) S L2- [f @ = 07 mobs(gbobs - ¢(0)) S R(mobsAilmc) and
Xops 2 X, then this problem also has a unique solution.

Similar lemmas for the case a = 0 can be also formulated for classes Us,
Uy, Us.

To construct an approximate solution of (21)-(23), the following algo-
rithm can be applied:

Ap, =mev,in X, ¢, =0onT_, (31)
A*Qn =01n X, qn = mobsP+<¢n - (Qsobs - ¢(0))) on F—i—a (32>
Upt1 = Up — T (v, + qp) in X¢, v =0in X\X,, n=0,1,..., (33)

where vy € LY and 1, = 2/(2ac+ 1) with

= [(1 ~ b)) (1 + /1 — by coth(H /1 — bl)}_l .

Taking into account the properties of our problem and the results of
iterative processes theory, the following result can be obtained:

Lemma 6 /4] If « > 0 and 71 = 2/(2a + 71), then algorithm (31)-(33)

converges, and the following estimate holds:

71
20 + Y1

16— Gullias + 112 — gullg + Ima(o — v)l1s < 0( ) L0, n— oo,

where C = C (v, Pops, #*)) = const > 0.
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The algorithm for Problem 2 can be written as follows:
Ap, =mev, in X, ¢, =0o0onT"_|
Ay = Mobs(n — (Pobs — ¢¥)) in X, g =0o0n 'y,
Upt1 = Vp — To(Qv, + ) in X,
Upp1 =0in X\X.,, n=0,1,...

Y

where
T2 =2/(2a + ), 72 =1/(1 - b)*.

Similarly to the previous lemma, we have:

Lemma 7 [4] If a« >0 and 7 = 2/(2ac+ 72), then algorithm (34) converges,
and the following estimate holds:

¢ = Onllmy + g = anllmy + llme(v — vn)l|L,

<C. Y2
200 + 7o

with C = C(vg, Povs, »'?) = const > 0.

n
) — 0 asn— o0

Remark. In [6] other classes of iteration methods are formulated, which can
be also applied to the problems under consideration. O

4 Description of numerical methods

For simplicity we further denote ¢ups — »© just by ¢us. N is equal to the
number of grid points at the axis z, 2M is the number of grid points along
“p’-axis. We set p; = jAp, —M < j < M, j #0, Ap = 2/(2M —1).
Also, z; = (1 —1)Az, 1 <i < N, Az =1/(N —1). We set ¢;; = o(uj, 2:).
For a fixed n (iteration step) problem (31)—(33) is approximated by a finite-
difference scheme justified in [1], that can be written in the following form

14



for direct equation (31):

Giv1j — Oij p k=M A B - [ y
jT+¢i+1J—§ > pdiv1p =04, t=1,... . N—=1, j=1,...,M,
k=—M
k#0
$»; =0, 7=1,...,M,
R k=M
MMAZ;%jL@J—% S Apdip=vi, i=1,....N—-1, j=-1,...,—M,
k=M
£0
on; =0, j=-1,...,—M.

Then we solve adjoint equation (32):

LGy — Gy b Y A g i N1 =1 M

M]T+QZ+1J 2 kZM :uqz-l-l,k_ ,y t=1,..., y J = PICEIC) )
k#0

ql,j - (d)’ﬂ - gbobs)(omuj) j = _17 .. ‘7_Ma

g bt — iy b kiM Aua.—=0. i=1 N—-1 j=1 M
MJT QZ,j 2 Y MQZ,k ; P ) Yty 9
k#0

qN:J:(¢n_¢ObS)<H7MJ)7 jzl,’M

To solve the system of arizing systems of linear equations we use method
[7]. So, we find ¢, and ¢,. After that we solve control equation (33), which

is approximated as follows:

(Vnt1)ij = (V)i (1 —at1) — 71(qn)iy)
(Un-i-l)i,j = Oa (:ujv Zz) e X \ Xc-

We are ready then to pass to the next, n + 1-th, iteration step.
Similarly, the computer version of algorithm (34) for Problem 2 is ap-
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proximated by the following finite-difference scheme:

Pit1j — Pij b & _ - -
pj— 5"+ Pir1j — 5 Z Apdipip=viy, t=1,...,.N-1, j=1,..., M,
Az 2
k#0
¢, =0, j=1,...,M,
v =0y b Y AL . i1 N1 i——1.  —M
M1T+¢Z,j ? kZM M¢l,k_vl,j7 t=1,..., y J = PN ’
k#£0
on; =0, j=—-1,...,—M.
Then we solve the adjoint equation:
O s k=M
_Nj% t Giv1 — % . ZM Apgivig = (Pn — Dobs)ig:
k#0
1=1,....N—=1, j=—-1,...,—M,
qu:07 ]:_]—7 7_M7

Gt =g b YA -
FLJT_’_%,] 2 N ZM MQZ,k—(an gbobs)z,ﬁ
k_;éO

i=1,...,N—1, j=1,..., M,

qNJ:O, jzl,,M

After that we solve control equation:

(Unt1)i = (0n)ij (1 — ame) — Ta(qn)ij,
(Ung1)ig =0, (py,21) € X\ Xe.

Then we pass to the next iteration step.
As a criterion for finishing iterational processes (21)—(23), (28)—(30), the
following inequality is used:

o Mo = vallz,

lonllz, — —
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with & = 0.0005. Norm ||.|| is a discrete case of norm Ly(X).

The numerical experiment is performed in accordance with the following
scheme:

1. We solve the direct equation with given right-hand side 0 (test source
function) and obtain observation data @ps.

2. Using the iterational processes (21)—(23), (28)—(30) (subject to Prob-
lems 1, 2) and observation data ¢us found at the previous step, we obtain
an approximate source solution v.

3. After completing the iterational process we compare the exact test
solution v and its recovered analogue v. For this case we introduce the
residual R that shows the deviation of the recovered solution v from the
exact solution v: .

g o=l
0]l .

5 Experimental results

To perform numerical experiments we always set b(z) = b = 0.5, p(y, o) =
1, N =2M, I‘Sfbs) =1,, and H = 1. Hence, y; = 0.925, 75 = 4, and for
a < 0.01 we approximately have 71 = 2.115, 75 = 0.497.

Numerical experiment 1. In this case we have reconstructed some
test source functions if X, = X, = X on the basis of internal observations
(Problem 2) using algorithm (34). The value of « is taken equal to o = 0.01
and 5 =~ 0.5.

First, we treat a test source function ¥ = z(H — 2)(1 — p?). Its graph and
its reconstructed image are presented at Figures 1.1 and 1.2, respectively.
We have here the number of iterations n = 89 and the residual R = 0.025.

Secondly, we consider a test source functions v = pz. Its exact graph
and a reconstructed image can be found in Figures 1.3 and 1.4, respectively.
Here n =95 and R = 0.029.

Thirdly, we consider ¢ = sin*(2mz) cos(3mu). The number of grid points
is equal to 26 (N = 2M = 26). Figures 1.5 and 1.6 show the exact source
function and its recovered analogue, respectively. To obtain better result we
have taken at this point a = 0.005, and we have here R = 0.06, n = 186.

17



Figure 1.1. Exact solution ¢ = z(H — z)(1 — p?).

Figure 1.2. Numerical solution v,
X.=Xps =X, a=0.01, n=289, R=0.025.
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Figure 1.3. Exact solution v = pz, H = 1.

Figure 1.4. Numerical solution v,
Xe=Xops =X, a=0.01, n=95 R =0.029.
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Figure 1.5. Exact solution ¢ = sin®(27z) cos(imp), H = 1.

Figure 1.6. Numerical solution v,
Xe=Xopps =X, a=0.005, n =186, R=0.06, N = 26.
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Numerical experiment 2.

In this case we reconstruct an isotropic (p-independent) source function
on the basis of boundary observations using algorithm (31), (32), and the
following correlation

1 1
Ups1 = Up — T1 (amcvn + 5 / X mcqnd,u).

This replacement of (33) is caused by (24).

As a test we take source function v = 1 on X, = [—1,1] x [0.3H,0.7H]|
and zero otherwise. As usually, H = 1.

Figure 2.1 shows the exact value of 0, Figure 2.2 describes restored func-
tion v if X, = [y (Problem 1), and, just to compare, Figure 2.3 shows
restored function v if X5 = X D X, (Problem 2). The result is obtained at
the same o = 0.01.

It is seen explicitely that the function v is well reconstructed in both
cases and there is no need to use the overdetermined information given on
Xops = X because the result obtained from the boundary observation is
rather satisfactory and needs less iterations.

21



Figure 2.1. Exact solution 0 =1, X, = [0.3H,0.7H], H = 1.
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Figure 2.2. Numerical solution v for X s =1,
n =14, a =0.01, R = 0.0446.
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Figure 2.3. Numerical solution v for X, = X D X..
n =96, a« =0.01, R =0.053.
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Numerical experiment 3.

In this experiments we reconstruct source function in the case of unsuffi-
cient internal information: X, ¢ X,,,. So the conditions of Lemma 5 do not
hold. We use algorithm (34) with control equation in the most general form
(30) and set v = 1 in X,.

First, X, has a nonzero intersection with X,,s. We set X, = [0.07,0.55],
Xops = [0.3,1], p € [—1,1]. Exact and reconstructed source functions are
presented in Figures 3.1 and 3.2, respectively.

If X.N Xys = 0 then the result is worse, it is demonstrated in Figure 3.3
for Xops = [0.6,1].

The last case, Xps C X, is considered for X,,s = [0.3,0.45]. The result
is very bad, too (Figure 3.4).

So, these numerical results demonstrate that internal reconstructing on
the basis of lack of information cannot, generally speaking, give us a suitable
result.

Figure 3.1. Exact solution ¢ = 1, X, = [0.07,0.55].
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Figure 3.2. Numerical solution. X, N X5 # 0,
Xops = [0.3,1], R=0.48, n =130, a = 0.01.
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Figure 3.3. Numerical solution. X, N X, = 0,
Xops = [0.6,1], R=0.663, n =74, a = 0.01.
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Figure 3.4. X5 C X¢, Xops = [0.3,0.45], R =0.549, n =133, o = 0.01.
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Numerical experiment 4.

In these experiments we use boundary observations X, = ', for recon-
structing source function in space L2(X). We do not assume that v € U,
i = 1,2,...,5. The conditions of Lemmas 1-3 do not hold. Therefore
there exists a nonzero kernel and we cannot use an improved form of con-
trol equation (e.g., (24)—(27)). So, we use control equation in the gen-
eral form (34). In this case we also cannot expect a correct reconstruc-
tion. Our numerical results demonstrate these reasonings. We take a test
solution ¢(u,z2) = z(H — z), then find the corresponding source function
O(p,2) = p(H — 22) + (1 — b)2(H — z) (Figure 4.1). Obviously, this sourse
function belongs to the kernel of operator B. After that we take the trace
é|r, and reconstruct the function v (Figure 4.2). To minimize functional .J;
this result goes to zero (but not to the desired 0!). In Figure 4.3 we demon-
strate this fact by drawing the graphs of v and v at z = 0.5H (H = 1).

Figure 4.1. Exact solution © = u(H — 2z) + (1 — b)z(H — z).
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Figure 4.2. Numerical solution v. X,s = [';. Nonzero kernel. Incorrect
reconstruction (o = 0.01).

Figure 4.3. X5 = I'y. Correct function © and incorrect reconstructing at
z=0.5H.
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Numerical experiment 5. For the case of Problem 2 (internal obser-
vations) with test function v = 0.25z(H — z) and X, = X = X, we present
here the dependence of residual R, number of iterations n and value of func-
tional Jo on the parameter o (Figures 5.1, 5.2, 5.3, respectively). Besides
Figures, these results are presented in Table 1 below.

Table 1.

1.5 1 0.5 0.1 | 0.05 | 0.01 | 0.001
0.669 | 0.594 | 0.467 | 0.234 | 0.163 | 0.059 | 0.0186
n 13 14 16 36 20 94 148
Jo-10° | 332 271 177 | 49.7 | 26.4 | 5.02 | 0.548

IR

The results in Table 2 demonstrate the dependence of the residual and the
number of iterations on the number of grid points N = 2M. Here a = 0.01,
the test function is taken equal to © = 0.252(H — z). We can see that in such
simple cases there is no need to increase the number of grid points.

Table 2.
N =2M 10 16 20 26
R 0.0542 | 0.0582 | 0.0593 | 0.0604
n 92 93 94 94
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Figure 5.1. R = R(a), X. = Xops = X.

Figure 5.2. n = n(a), X, = Xps = X.

Figure 5.3. Jy = Jo(a), X, = Xops = X.
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